Abstract. We define the fibre-restricted Gottlieb group with respect to a fibration ξ : X → E → Y in CW complexes. It is a subgroup of the Gottlieb group of X. When X and E are finite simply connected, its rationalized model is given by the arguments of derivations of Sullivan models based on Félix, Lupton and Smith [5] . We consider the realization problem of groups in a Gottlieb group as fibre-restricted Gottlieb groups in rational homotoy theory. Especially we define an invariant named as (Gottlieb) depth of X over Y . In particular, when Y = BS 1 , it is related to the rational toral rank of X.
Introduction
For a fibration p : E → Y of CW complexes with fiber X, X j → E p → Y , recall a Gottlieb's problem: Which homotopy equivalences of X into itself can be extended to fibre homotopy equivalences of E into itself ? ( [7, §5] ). Let aut(p) denote the space of unpointed fibre-homotopy self-equivalences of p, which is the subspace of autE with g : E → E satisfying p • g = p and aut(X) the space of unpointed homotopy self-equivalences of X. In this paper, we consider the restriction map R : aut(p) → aut(X) from the viewpoint of Sullivan minimal model theory.
The above Gottlieb's problem is homotopically interpreted to estimating the image (it is denoted as F (E) in [7, page.52] ) of the map π 0 (R) : π 0 (aut(p)) → π 0 (aut(X)). Note that Gottlieb showed in [7, Theorem 3] that G 1 (X) ∼ = F (E ∞ ) for the universal fibration X → E ∞ → B ∞ with fibre X. Also refer [28] and [13] as a certain case. Denote aut 1 (p) and aut 1 (X) the identity components. We propose as a higher dimensional homotopical version, when X and E are simply connected finite CW complexes, Problem 1.1. Estimate the image of the map π n (R) : π n (aut 1 (p)) → π n (aut 1 (X)) in terms of π n (X) for n > 0.
We note that the path components of aut(p) are all of the same homotopy type [5, §1] . Recall the n-th Gottlieb group G n (X) of a CW complex X for n > 0, which is the subgroup of the π n (X) consisting of homotopy classes of based maps a : S n → X such that the wedge (a|id X ) : S n ∨ X → X extends to a map F a : S n × X → X in the homotpy commutative diagram:
By adjointness, it is equal to Im(π n (ev) : π n (aut 1 X) → π n (X)) for the ordinal evaluation map ev : aut 1 X → X. [6] . We denote the graded Gottlieb group of X as G * (X) := ⊕ n>0 G n (X). When X is simply connected and finite LS category, G even (X) ⊗ Q = 0 [3] . In the following, we often use the symbol G * (X) Q as G * (X) ⊗ Q. When X is simply connected and finite complex, G * (X) Q = G * (X Q ) and dim G * (X) Q ≤ cat 0 (X) [17] . Futhermore, Felix and Halperin [3, page.35] conjecture that G n (X) Q = 0 for all n ≥ 2q if X be a finite complex of dimension q. Gottlieb [7] obtained
for the homotopy connecting homomorphisms ∂ ξ n+1 : π n+1 (Y ) → π n (X) of all fibrations ξ : X → E → Y . A Gottlieb group contains the following group as a natural subgroup: Definition 1.2. Let ξ : X → E p → Y ba a fibration. Then the n-th fibre-restricted Gottlieb group of X with respect to ξ, denoted by G ξ n (X) is defined as Im π n (ev X •R) for the evaluation map ev X • R : [26] . Here map f (X, Y ) is the commponent of f : X → Y of the space of maps from X to Y .
n (X) for all n > 0. In this paper, we use the Sullivan minimal model M (Y ) of a simply connected space Y of finite type. It is a free Q-commutative differential graded algebra (DGA) (ΛV, d) with a Q-graded vector space V = i>1 V i where dim i|x| xθ(y) for θ ∈ Der i A. We denote ⊕ i>0 Der i A by DerA. The boundary operator δ :
It is the case that the base is a point in Theorem 1.8. In this paper, according to ([24, p.314] ), the symbol (v, h) ∈ Der |v|−|h| (ΛV ) means the derivation sending an element v ∈ V to h ∈ ΛV and the other to zero. In particular (v, 1) = v * . The differential is given as
) of a simply connected finite complex X and the argumentation ǫ : ΛW → Q, 
for n > 0.
Here ΛV → ΛV ⊗ΛW is the Koszul-Sullivan model of p : E → Y and (Der ΛV (ΛV ⊗ ΛW ), δ) is the chain complex of derivations vanishing on ΛV . Under a general study of [5, §3] in rational model, we have
induced by the restriction of derivations for n > 0. Moreover, when X is finite,
for the argumentation ǫ : ΛW → Q. Lemma 1.10. When X is an elliptic finite complex, for any fibration ξ :
In this paper, we are interested in the following Problem 1.11. For which subgroup G of G n (X) does (not) there exist a fibration ξ such that G ξ n (X) = G ? The following rational invariant is a measure for a variety of such subgroups. Definition 1.12. The rational Gottlieb depth of X with respect to Y is given as
for some fibrations ξ i : X → E i → Y with the total spaces E i finite. Here G ξn * (X) Q may be zero. If there does not exist such a fibration ξ i , let depth Y (X) = −1. It may occur when Y is infinite. Also denote the rational Gottlieb depth of X as
From the definition, we have 0 ≤ depth(X) ≤ dim G * (X) Q . For a Lie group X, we have depth(X) < rankX. For two fibrations ξ i : 
Therefore depth(X 1 × X 2 ) ≥ depth(X 1 ) + depth(X 2 ). Problem 1.14. When is the Gottlieb depth of a space zero ?
A space X is said to be an
., g n ) for some n where |x i | are even and g 1 , .., g n is a regular sequence;i.e., each g i is not a zero divisor in the factor-ring Q[x 1 , .., x n ]/(g 1 , .., g i−1 ).
Recall the Halperin's
It is equivalent to that the Serre spectral sequence rationally collapses in E 2 -term. Refer [4] , [18] , [19] , [25] for some other equivalent conditions and some conditions satisfying the conjectures. For compact connected Lie groups G and H where H is a subgroup of G, when rankG = rankH, the homogeneous space G/H satisfies the Halperin conjecture [22] . Corollary 1.17. When rankG = rankH, it holds that depth(G/H) = 0.
Note that the homogeneous space X = SU (6)/S(3) × SU (3) is not an F 0 -space. But depth(X) = 0 by degree arguments.
A space X is said to be formal if there exists a quasi-isomorphism M (X) → (H * (X; Q), 0). A space X is said to be elliptic if its rational homotopy group and rational homology group are both finite. For an elliptic space X, χ π (X) := dim π even (X) Q − dim π odd (X) Q is said as the homotopy Euler number of X. When dim H * (X; Q) < ∞, X is an F 0 -space if and only if χ π (X) = 0.
Corollary 1.18. When Halperin conjecture is ture, for a formal elliptic space X,
The right hand of this inequation is less than or equal to −χ π (X).
Let T r be an r-torus S 1 × · · · × S 1 (r-factors) and let r 0 (X) be the rational toral rank, which is the largest integer r such that a T r can act continuously on a CWcomplex in the rational homotopy type of X with all its isotropy subgroups finite [11] . Such an action is called almost free. Refer [15] for a relation with Gottlieb groups and rational toral ranks. It is known that r 0 (X) ≤ −χ π (X) for an elliptic space X [1] . The following criterion of Halperin is used in this paper.
Then r 0 (X) ≥ r if and only if there is a relative model
where with |t i | = 2 and Dv ≡ dv modulo the ideal 
Definition 1.23. Denote the rational fibre-restrcited Gottlieb poset of X with respect to Y as the finite poset by inclusions
for all fibrations ξ : X → E → Y with the total spaces E finite.
When Y is not finite, G Y (X) may be the empty set.
where n i is odd and
Claim 1.25. Then no 3-dimensional vector space is realized as G ξ * (X) Q . In (2), (3) and (4), G ξ * (X) Q of the bottoms are 2-dimensional and in (5), (6) and (7), they are 1-dimensional. Since (5) does not exist, if a 1-dimensional Q-space of G * (X) Q is realized as G ξ * (X) Q , then simultaneously different two or three 2-dimensional Q-spaces are realized. Corollary 1.26. When the circle S 1 acts almost freely on a compact connected Lie group G of rank 4, suppose that dim G * (G/S 1 ) Q = 1 or r 0 (G/S 1 ) = 0. Then there exist finite complexes {X i } (i = 1, 2 or i = 1, 2, 3) in the rational homotopy type of G such that (a) On each X i , there is rationally different free S 1 -action. That is, when i = j, there is no map F between rationalized Borel fibrations ξ i Q and
By the arguments of rationa toral poset structure in [27] , we have in Example 4.8 a weaker result of Corollary 1.26.
In this paper, the results of §2 follows due to Gottlieb [7] and the results of §3 follows due to Félix, Lupton and Smith [5] . Especially, we consider our argument in the case that Y = BS 1 , which is related to almost free circle action on a space in the rational homotopy type of X due to a Halperin's criterion (Proposition 1.20). In this paper, we often use the same symbol w as the dual element w * ∈ Hom(W n , Q) ∼ = π n (X) Q for an element w ∈ W n .
Ordinary properties
Proof of Theorem 1.3. It is trivial that G ξ n (X) ⊂ G n (X). We show Im ∂ ξ n+1 ⊂ G ξ n (X) by using the arguments in [7, §3-4] . Recall that ξ is given by the pull-back diagram of the universal fibration ξ ∞ : E ∞ → B ∞ with fibre X by a classifying map h:
where h is is an inclusion and the restriction of p ∞ is just p [7, page.45]. It induces the maps among the following three fibrations:
where L * (X, E ∞ ;h| * ) means (the component ofh| * of) the space of maps from X into E ∞ which are homotopy equivalences from X to any fibre of E ∞ [7, page.49] . AlsoR is defined byR 
Proof of Lemma 1.4.
(1) In this case, since R : aut 1 (p) → aut 1 (X) has a section, the map π n (R) : π n (aut 1 (p)) → π n (aut 1 (X)) is surjective for all n.
(2) It follows from the commutative diagram:
Proof of Proposition 1.5. The total space of pull-back fibration is given as
) Thus there is a map
and
Thus we have π n (ev
Sullivan models
For a fibration
Y is a commutative diagram in which i(x) = (x, * ) for x ∈ E and p ′ • i = p. Also a homotopy over 1 Y and under 1 E is a homotopy map preserving this commutative diagram [5, p.379 ].
Proof of Theorem 1.9. By adjointness, π n (R) : π n (aut 1 (p)) → π n (aut 1 (X)) is given by the restriction map
In concrete terms, Φ is represented by the commutative diagram
where p V : ΛV ⊗ ΛW → ΛW is the projection sending V to zero and |u| = n. By Theorems 1.6 and 1.8, Φ is given as
induced by the chain map
with the restrictionΦ ′ (σ) = σ := p V • σ for σ ∈ Der ΛV (ΛV ⊗ ΛW ) n , where F * = 1 + (−1) n uσ and F * = 1 + (−1) n uσ.
Remark 3.1. Let ΛV → ΛV ⊗ ΛW be the Koszul-Sullivan model of p. Then there is a DGA-exact sequence
where (V ) is the DG-ideal of the DGA ΛV ⊗ ΛW generated by V . This induces the exact sequence of chain complexes
since Der(ΛW ) = Der ΛV (ΛV ⊗ ΛW, ΛW ). Then there is an exact sequence of homologies
→ · · · , in which j n is equal to the map Φ ′ in the above proof.
Proof of Theorem 1.
., g n ) and then M (X) = (Λ(x 1 , .., x n , y 1 , .., y n ), d) with |x i | even, |y i | odd, dx i = 0 and
+ and α is an element in the ideal (y 1 y 2 , y 1 y 3 , · · · , y n−1 y n ) in Q[x 1 , .., x n ] ⊗ Λ(y 1 , .., y n ) ⊗ M (Y ). We suppose that l is the minimal index of such elements. Since g 1 , .., g l−1 is a regular sequence, we have a 1 g 1 + · · · + a l−1 g l−1 = 0 for any a 1 , .., a l−1 ∈ Q[x 1 , .., x n ] with at least one a i non-zero. Thus when we denote D(y k ) = g k + h k for k < l with
we see that k<l (g k + h k )f k can not be zero. Therefore
is not zero and
that is, there is an element x s that D(x s ) = 0. Therefore j * : H * (E; Q) → H * (X; Q) is not surjective.
Proof of Corollary 1.18. By [2] ,
where |x i | are even, |y i | and |z i | are odd, dx i = dz i = 0 and dy i = g i + h i . Here
., g m is a regular sequence and h i ∈ (z 1 , .., z n ).
Proof of Theorem 1.22. Let T = S 1 × · · · × S 1 (k-times) and X → ET × µ T X → BT the Borel fibration of a T -action on X. Then the relative model is given as
where M (X) = (ΛW, d). There is a commutative diagram
where i : Der ΛV (ΛV ⊗ ΛW ) → Der(ΛV ⊗ ΛW ) is the natural inclusion of complex and p t is the projection sending t 1 , .., t r to zero. Since |t i | = 2, H n (i) is an isomorphism for n > 1. The above diagram is commutative and then Theorem 1.9 it induces the commutaive diagram of homotopy groups
is the natural inclusion. Since π n (i) Q is an isomorphism for n > 1, we have the theorem.
The following lemma follows from the Sullivan model arguments.
we have E ≃ Q E ′ × S 2m+1 when m is sufficiently large.
Proof of Theorem 1.24. For the rational type (n 1 , n 2 , n 3 , n 4 ) of X, we can assume n 1 ≤ n 2 ≤ n 3 ≤ n 4 without losing generality. Let the set of rational types of X I = (n 1 , n 2 , n 3 , n 4 ) ∈ Z ×4 | 3 ≤ n 1 ≤ n 2 ≤ n 3 ≤ n 4 are all odd divide into the six cases as follows:
In general, the differential D of the relative model of a fibration ξ :
n is given by D(w 1 ) = D(w 2 ) = 0 and
for suitable m, n i and some a, b 1 , b 2 , b 3 ∈ Q which often must be zero by degree arguments. When n is sufficiently large, under the conditions (i) ∼ (vi), we observe that G Y (X) are all different. For example, in the case of (ii),
We see that (i), (ii), (iii), (iv), (v) and (vi) correspond to G Y (X) whose Hasse diagrams are (1) Q(w 1 , .., w 4 ), (2) Q(w1, .., w4) Q(w3, w4)
Q(w1, .., w4)
and Q(w1, .., w4)
Q(w1, w4)
respectively. For example, they are given by the table: (7) 0 0 0 w 2 w 3 t * + t * w 1 , w 4 (6), (7) 0 0 w 1 w 2 t * w 1 w 3 t * + t * w 4 where * are determined as suitable numbers.
Remark 3.3. Note that all above vector spaces of (1) ∼ (7) in the above proof are realized as the rational fibre-restricted Gottlieb group of certain fibrations. Indeed, for each rational fibration X → E → Y with classifying map h 0 , there exists an ordinal classifying map h (with a rational self-equivalence f of Y ) in the commutative diagram with rationalization l 0 :
n is a simpy connected formal finite complex [24] ( [20, Remark 3.2] ). When n is sufficiently large, the above arguments applies to the case of Y = CP ∞ from Lemma 3.2.
Rational examples
Example 4.1. For an inclusion K → G of compact connected simply connected Lie groups, consider the following fibrations:
If X has the rational homotopy type of the product odd-spheres
a i ∈ Q When the sequence of (a 1 , .., a l ); (0, .., 0), (1, 0, .., 0), (1, 1, 0, .., 0), · · · and (1, .., 1) induces that of inclusions of rational fibre-restricted Gottlibe groups respect with M (E)
In particular, depth(X) = 0 if and only if n 1 = · · · = n k for all odd integers. , then on the cohomology of the fibre-inclusion, 
with
Thus the Hasse diagrams are given as
Note that depth Y (X) = 3 and depth Y ′ (X) = 2.
, when the model of ξ is given by Dw 1 = Dw 2 = 0,@Dw 3 = u 6 , Dw 4 = w 1 w 2 t 3 + t 9 , we have G ξ (X) Q = Q(w 2 , w 4 ). On the other hand, when the model of ξ is given by
we have G ξ (X) Q = Q(w 4 ). By degree reason, Q(w 1 , w 4 ) and Q(w 2 , w 4 ) are not realized. Thus G Y (X) is given by the well-ordered set
whose Hasse diagram is (5) in Theorem 1.24. Note that when X ′ = S 3 × S 9 × S 11 × S 17 and Y = CP ∞ , it is in the case of (iii) in the proof of Theorem 1.24. Thus this example gives that there is a map f :
Futhermore, this example indicates that it may be depth BS 1 (X ′ ) < depth BS 1 (X ′ /S 1 ) for an almost free S 1 -action on a space X ′ .
Example 4.8. Recall the rational toral rank poset of X, denoted as T 0 (X) [27] .
where n i is odd, the Hasse diagram of T 0 (X)
is one of (a), (b) and (c):
and (d) is not realized as that of such a space (it corresponds to that the bottom of (2) in the proof Theorem 1.24 is not given by a fibration ξ with G ξ * (X) Q = Q(w 4 )). For I in the proof Theorem 1.24, (a) is given when n 1 + n 2 > n 4 , (b) is given when n 1 + n 2 < n 3 , n 1 + n 3 < n 4 and (c) is given for the other cases. Since (d) is not realized by T 0 (X), we have the result: When the circle S 1 acts almost freely on a compact connected Lie group G of rank 4, suppose that r 0 (G/S 1 ) = 0. Then there exist a finite complex X in the same rational homotopy type with G such that r 0 (X/S 1 ) = 1. (Compare with Corollary 1.26.)
Example 4.9. When X ≃ Q S n1 × S n2 × · · · × S nm (n 1 ≤ n 2 ≤ · · · ≤ n m ;odd), depth BS 1 (X) = 0 if and only if n 1 + n 2 > n m . Then r 0 (X/T r ) = r 0 (X) − r for any T r -action on X. For example, since SU (4) ≃ Q S 3 × S 5 × S 7 , depth BS 1 (SU (4)) = 0. Then for any almost free T r -action on SU (4), we have r 0 (SU (4)/T r ) = r 0 (SU (4))−r = 3−r. But for SU (5)(≃ Q S 3 ×S 5 ×S 7 ×S 9 ), depth BS 1 (SU (5)) = 1. Then there is a free S 1 -action on a space X in the rational homotopy type of SU (5) that r 0 (X/S 1 ) = 1 = r 0 (SU (5)) − 3.
Definition 4.10. Let the rational toral depth of a simply connected space X r 0 -depth(X) := max n | (0, 1), (r 1 , 1), (r 2 , 1), · · · , (r n , 1) ∈ T 0 (X) with 0 = r 0 < r 1 < r 2 < · · · < r n < r 0 (X) . Here we define r 0 -depth(X) = −1 when r 0 (X) = 0. There is an example that r 0 -depth(X × S 12 ) ≥ 0 > −2 = −1 + −1 = r 0 -depth(X) + r 0 -depth(S 12 ) due to Halperin [15] . Recall in Example 4.8 that r 0 -depth(X) = depth BS 1 (X) when X ≃ Q S n1 × S n2 × S n3 × S n4 (n i odd). They are 0, 1 or 2.
Question 4.12. When X is a Lie group, r 0 -depth(X) = depth BS 1 (X) ?
